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In this letter, we demonstrate that Loop Quantum Cosmology equations, with a near vanishing
late time cosmological constant, can be induced on a brane in a Randall-Sundrum II scenario,
corresponding to the holographic dual of a strongly coupled string regime in the bulk. Such results
can establish a possible connection between Loop Quantum Gravity and string theory.
Loop Quantum Cosmology (LQC) [1], which comes
from Loop Quantum Gravity (LQG) , and braneworld
cosmology [2], arising from string theory, suggest possi-
ble descriptions of the near Big-Bang physics, mapping
directions for several areas of cosmology and related re-
search, and allowing make contact with observational ac-
tivity [2–5].
However, these two kinds of cosmology remain at vari-
ance until now, leading physics to sit on the fence about
the beginning state of our universe. Even though, a pos-
sible duality between them has been pointed [6], they
disagree about the role of the quantum corrections to
Friedmann equations, which implies in a controversy on
the resolution of the Big Bang singularity.
On another standing point, the holographic principle
has been established as guide principle to quantum grav-
ity [7–9]. In particular, in braneworld context, such prin-
ciple has been proposed in the lines of the AdS/CFT
conjecture [10]. The application of such conjecture to
the Randall-Sundrum II braneworld scenario [11] has es-
tablished that a gravitational theory in the AdS bulk is
dual to a CFT with a UV cut-off, coupled to gravity on
the brane [12]. Even though we do not know the pre-
cise nature of the gravitational theory on the brane, the
intuition about it is that, as the bulk black hole emits
Hawking radiation, it heats the brane to a finite temper-
ature. Consequently, whatever the gravitational theory
on the brane is, it should be hot, and have a non-zero
energy density and pressure [12]. In this case, one may
wonder that the nature of the gravitational theory on
the brane must be intrinsically related with the induced
thermodynamics on it.
In this sense, an important result by Jacobson has been
the derivation of Einstein’s field equations from thermo-
dynamics [13]. The basic assumption behind this result is
to consider that the Clausius relation, dQ = TdS, which
connects entropy, temperature and heat, can be held
through each spacetime point, for all the local Rindler
causal horizon, by taking T as the Unruh temperature
and dQ as the energy flux, as measured by an observer
in an accelerated frame just inside the Rindler horizon.
Hitched in this discussion is the applicability of the
holographic principle to cosmology. Following the pio-
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neer work by Fischller and Suskind [14], a sort of sce-
narios has been proposed to establish the validity of the
holographic principle in cosmological contexts, consisting
in the so called Holographic Cosmology [14–21]. More
recently, observational evidence has been pointed to the
existence of a holographic phase in the earlier times of our
universe [22]. Among the versions of the holographic cos-
mology, Bak and Rey have argued that the holographic
principle must be satisfied by the universe if one consid-
ers that its entropy must be associated with its apparent
horizon [17]. In this context, the validity of the first
law of thermodynamics can be proved, which has made
possible to derive the Friedmann equations of a FLRW
universe [23, 24] by the use of the Jacobson formalism
[13].
The applicability of such calculations, to obtain cos-
mological equations in four dimensions, has been proved
also in the context of braneworld cosmology [25], and
recently in the context of LQC [26]. Consequently, one
may wonder if such method could be one of the possible
bridges between these two kind of cosmologies. To an-
swer such question, we must note that a central point in
both derivations consists in how to count the spacetime
degrees of freedom in four dimensions. Particularly in the
context of braneworld, such question is connected with
what 4D solution describing a black hole localized on the
brane is obtained. Such a solution would be given by a
suitable slicing of a 5D accelerating black hole metric,
known as the C-metric in 4D [27].
Several proposals have been presented in the literature,
where a induced 4D metric of the form
ds2 = −F (r)2dt2 +G(r)2dr2 +H(r)2dΩ2 (1)
has been used [28–32]. However some points remain to
be clarified.
Among such points, is that related with the presence
of a conformal ambiguity in the definition of the black
hole metric on a brane, whose definition depends on a
conformal factor [33]. In this context, it arises the single
answer question: which choice of the conformal factor in
the four-dimensional metric reproduces Einsteins grav-
ity?”
The resolution of the conformal ambiguity problem is
not the goal of the present article. However, we shall use
it in order to discuss a further question, by going beyond
2classical general relativity: is there a possible choice of
the conformal factor in the metric induced on the brane
that could generate the semiclassical LQC equations? In
this way, the appearence of LQC equations on a brane
could be used as a criteria in order to fix the conformal
ambiguity problem.
In order to make the choice of the conformal factor
more natural in a braneworld scenario, we shall observe
some AdS/CFT lessons. At first, we note that all the
approaches to find out a black hole solution on a brane
have the common assumption that the radial coordinate
must be fixed by the ”‘area gauge”’H(r) = r, in the met-
ric. Consequently, the area of the 2-spheres surrounding
the black hole behaves as A(r) = 4pir2, increasing mono-
tonically between the horizon and the spacelike infinity.
However, a different perspective has been driven by the
AdS/CFT conjecture [10], where it has been proposed
that black hole solutions localized on the brane given as
solutions of the classical bulk equations in AdSD+1 with
the brane boundary conditions, correspond to quantum-
corrected black holes in D dimensions, rather than clas-
sical ones [34]. In this context, it has been demonstrated
that a static quantum black hole solution must have a
singular horizon when one takes into account the dual
description of a CFT with a cutoff living on the brane.
Based on such results, Gregory et al [35] have argued
that the area function A(r) of the 2- spheres, in the geom-
etry induced on the brane, must be considered to be not
monotonic. The main reason to such assumption comes
from the presumed higher dimensional C-metric. Such
a metric would consist of an accelerating black hole be-
ing ”‘pulled” by a string. Since the appropriate higher
dimensional metric for a Poincare´ invariant string has
a turning point in the area function, and the ”horizon”
is singular, the braneworld black hole horizon must also
becomes singular, and a turning point must occur in the
area function of the 4D braneworld black hole metric. In
front of such arguments, it is interesting to investigate
more general ansatze than H = r.
We can utilize such discussions in order to address the
problem of conformal ambiguity by noting that a metric
of the form (1), for the case where H(r) 6= r, can be find
out by taking a conformal transformation of a metric
written in the area gauge ds2ag,
ds2 =
H2
r2
ds2ag , (2)
by requiring that H/r is a twice differentiable function
of the spacetime coordinates, and 0 < H/r <∞.
The expression (2) makes possible to attend the Gre-
gory requirement by a suitable choice of the conformal
factor. We can choose, in particular:
H2(r) =
(
r2 +
L4
r2
)
, (3)
where L is an arbitrary parameter, which we shall con-
sider to be of the order of the Planck length. For L→ 0,
we recover the area gauge. Such conformal factor has
been used in [36–38] to solve the Schwarschild black hole
singularity.
As we shall see, the conformal factor (3) will corre-
spond to a suitable choice in order to obtain the LQC
equations on the brane. However, one could test other
choices. If it is possible to find out another, the prob-
lem of conformal ambiguity is not completely solved in
the present scenario. If is not possible to find out it, the
conformal ambiguity problem could be solved, if one con-
sider that the appearence of LQC equations can be used
as a sufficient criteria in order to choose the correct form
of the black hole metric induced on the brane.
An important consequence of the conformal relation-
ship between the metrics ds2 and ds2ag is that the way
how the black hole temperature and entropy are related
with the black hole mass is the same in both spacetimes
[36]. Particularly, in concern to the ds2ag spacetime, we
shall not be interested in its specific form. However, we
shall done the minimal assumption that such spacetime
obeys the usual Bekenstein-Hawking entropy-area rela-
tion S = A4 , in four dimensions [39]. (Such assumption
can be satisfied for general class of braneworld black holes
[40].)
By considering the factor (3), a new radial coordinate
in the ds2 spacetime will be defined as
R =
(
r2 +
L4
r2
)1/2
, (4)
where r is the radial coordinate in the spacetime de-
scribed by ds2ag. Particularly, the value of R associated
with the black hole event horizon will be
REH =
(
r2+ +
L4
r2+
)1/2
, (5)
where r+ is the black hole event horizon radius in the
ds2ag spacetime.
Since the event horizon surface area A changes by the
conformal transformation, the black hole entropy-area re-
lation must be modified. In fact, the rescaled event hori-
zon area will be given by
A = 4pi
(
r2+ +
L4
r2+
)
, (6)
and the black hole entropy will be expressed in terms of
the area (6) as
S =
√
A2 −A2L
4
+O(≥ A6L) , (7)
where AL = 4
√
2piL2. Such expression also appears in
the context of loop quantum black holes [41], and have
been used to derive the LQC dynamical equations from
the holographic principle [26].
3Anchored in such facts, in order to find out the equa-
tions for the cosmological evolution of the universe, we
shall apply the point of view by Bak and Rey [17] for holo-
graphic cosmology, further developed by Cai and Kim by
the use of the Jacobson’s formalism [23], and adapted by
Ge to the braneworld scenario [25].
In this context, the energy flux through the apparent
horizon is measured by a Kodama observer inside it [25,
42–45]. The temperature measured by such observer is
given by [42],
T = (2kBpir˜A)
−1 , (8)
where r˜A is the physical radius associated with the ap-
parent horizon.
We can locally introduce a FLRW metric induced on
the brane
ds2 = habdx
adxb + r˜2dΩ22 , (9)
where hab = diag(−1, a2/(1− kr2)), r˜ = a(t)r, and
r˜A =
1√
H2 + k/a2
. (10)
Taking the path by Ge [25], let us consider that the
energy-momentum tensor Tµν of the matter-energy con-
tend in the universe is written as the ones for a perfect
fluid:
Tµν = (ρ+ p)UµUν + pgµν . (11)
From the energy conservation law, we obtain the conti-
nuity equation
ρ˙+ 3H(ρ+ p) = 0 . (12)
Now, let us write the expressions for the work density
W and the energy-supply vector ψ:
W = −1
2
T abhab and ψa = T
b
a∂br˜ +W∂ar˜ . (13)
In a Randall-Sundrum II braneworld scenario, we have
W =
1
2
(ρ− p− 1
6
k45
k24
ρp) ; (14)
and
ψt = −1
2
(ρ+ p)Hr˜ − 1
12
k45
k24
ρ(ρ+ p)Hr˜ , (15)
ψr =
1
2
(ρ+ p)a+
1
12
k45
k24
ρ(ρ+ p)a , (16)
where k2n = 8piGn, with Gn consisting in the Newton’s
gravitational constant in n-dimensions.
By the use of the relations above, we can find out the
expression for the amount of energy that goes through
each apparent horizon during a time dt as [23]
δQ = A(ρ+ p)r˜H
(
1 +
ρ
σ
)
dt , (17)
where A = 4pir˜2A, and σ = 6k
2
4/k
4
5 is the brane tension.
In concern to the entropy of the apparent horizon on
the brane, considering that the universe obeys the holo-
graphic principle, it must be given by the entropy asso-
ciated with the induced black hole solution on the brane.
In this way, following the above discussions based on the
AdS/CFT conjecture, the apparent horizon entropy will
not obey the area formula, in its classical form, but it
must be a quantum corrected one. Another important
detail is that, in a general braneworld scenario, it is ex-
pected that the apparent horizon entropy is given by a 5-
dimensional relation, which contains contributions from
the bulk [46]. However, as has been argued by Ge [25],
in the application of the Jacobson formalism, where heat
exchanges can be considered as approximately isometric,
the five-dimensional contributions to the apparent hori-
zon entropy are dropped, and it becomes to be given by
a 4-dimensional formula. Following such discussions, we
shall consider that the entropy of the apparent horizon
on the brane is given by the 4-dimensional quantum cor-
rected entropy-area relation (7).
In this case, by the use of the Clausius relation dQ =
TdS, and the temperature (8), we obtain
H˙ − k
a2
= 4pi
√
A2 −A2L
A
(ρ+ p)
(
1 +
ρ
σ
)
. (18)
By the use of the continuity Eq. (12), we get
8pi
3
dρ
dt
(
1 +
ρ
σ
)
=
A√
A2 −A2L
d(H2 + k/a2)
dt
, (19)
which by integration give us
H2 +
k
a2
=
4pi
AL
cos(Θ) , (20)
where Θ = ±
[
2AL
3 ρ
(
1 + 12
ρ
σ
)
− α
]
, and α is a phase
constant.
In the Eq. (20), the effective density term in the form
of a harmonic function of the classical density bring us a
scenario where a quantum bounce takes the place of the
4Big Bang initial singularity when the universe density
assumes a critical value, in a different way from usual
braneworld cosmology.
The phase constant α in the equation (20) will depend
on the initial conditions of the universe. Among such
initial conditions, is the universe size at its beginning
which corresponds to the minimal value of the universe
apparent horizon radius, given by the equations (10) and
(20) as
√
AL/4pi. In the limit where AL → 0, which will
correspond to the classical Big Bang singularity at the
beginning of the universe, we obtain from the equation
(20), cos(±α) → 0, i.e., α → pi/2. In this limit, we
recover the usual braneworld cosmology.
By expanding the right-hand side of the equation (20),
we get
H2 +
k
a2
= A(α)ρ2 +B(α)ρ+ C(α) , (21)
where
A(α) =
4pi
9
(3 sin (α)
σ
− 2AL cos (α)
)
,
B(α) =
8pi
3
sin (α),
C(α) =
4pi
AL
cos(α) . (22)
Here, we have discarded the terms of higher orders in AL,
as done in usual LQC [47].
The function C(α) is related with the late time cosmo-
logical constant, i.e, the value of the cosmological con-
stant when ρ ∼ 0, given by
ΛLT ∼ 3
2AL
cos (α). (23)
The Eq. (21) can be written in the form
H2 +
k
a2
=
8pi
3
ρtot
(
1− ρtot
ρc
)
, (24)
where ρtot = ρ+
Λ
8pi , with Λ as a cosmological constant.
The Raychaudhuri equation can also be obtained
H˙ − k
a2
= −4pi(ρtot + ptot)
(
1− 2ρtot
ρc
)
, (25)
where ptot = p− Λ8pi .
Note that above the sign of ρc has been included in its
definition in a way that, even though the universe critical
density is a positive definite quantity, ρc can appears in
our results as positive or negative. (In according with the
equations (24) and (25), positive for LQC, and negative
for braneworld).
From (21), (22) and (24), we must have
ρ−1c =
1
6
(
2AL cos (α) − 3 sin (α)
σ
)
, (26)
1− 2Λ˜
ρc
= sin (α) , (27)
ΛLT = Λ˜
(
1− Λ˜
ρc
)
. (28)
where Λ˜ = Λ8pi .
We shall fix the cosmological constant to be Planck-
ian, as foreseen by the Standard Model [48]. However, in
order adjust the late time cosmological constant to obser-
vations (Λ˜LT ∼ 10−122, in Planck units [49, 50]), we must
have, from (27) and (28), sin (α) ∼ −1, and cos (α) ∼ 0.
In this case, from (26),
1
ρc
∼ 1
2σ
> 0 . (29)
Note that σ is a positive quantity in a Randall-Sundrum
II scenario [11], as well as ρc in LQC .
The equations (24), and (25) will correspond to the
semiclassical LQC equations, where the universe critical
density is related with the brane tension. Note that the
appearance of LQC equations turned to be a necessary
condition in order to have a near vanishing late-time cos-
mological constant.
The result in the equation (29) is not completely
strange in the braneworld context. LQC-like equations
in the form of the equations (24) and (25), with ρc ∼ 2σ,
has been already obtained in the literature, under the
assumption of the existence of an extra temporal dimen-
sion [51]. However, the assumption of an extra temporal
dimension brings up some problems, as the presence of
tachyonic modes, and the violation of causality and uni-
tarity [52].
A crucial consequence from the equations (24) and (25)
will be a difference imposed to the Hamiltonian structure
of the gravitational theory induced on the brane. In fact,
we have a result by Singh and Soni [53] that, from a
Raychaudhuri equation in the form of the equation (25),
the following Hamiltonian can be obtained, for the case
of a plane universe:
H = −3V
16piλ2
(1− cos (p
√
∆)) , (30)
In the equation above, p is the conjugate momentum
to the volume V . Moreover, λ = (3/(32piGρc))
1/2 and√
∆ = 8piλ, where both possess dimensions of length. In
this scenario, we have
ρc = 6/∆ . (31)
5Singh and Soni has argued that the canonical structure
of a theory described by the Hamiltonian above is that
related with a modified phase space for gravity which
consists in a polymerized phase space. Consequently, the
underlying theory can be quantized in a background inde-
pendent way, i.e., by the use of the polymer quantization.
In fact, if we promote the Hamiltonian (30) to a quan-
tum operator, we obtain that it will inevitably be written
in terms of a shift operator Ŵ (
√
∆), in the place of the
momentum operator, as occurs in LQC:
Ĥ = −3V
16piGλ2
(1− ̂cos (
√
p∆))
=
−3V
32piGλ2
(2− Ŵ (
√
∆)− Ŵ (−
√
∆)) , (32)
where Ŵ (
√
∆) =̂ei
√
∆p. Such shift operators are equiv-
alent to holonomies in the full LQG [54].
Consequently, a new phase space structure is intro-
duced, where for a state ψx =< p | x >= eipx in the
momentum representation, we have
Ŵ (
√
∆)ψx = e
i
√
∆peipx = ei(x+
√
∆)p = ψx+
√
∆ , (33)
in a way that the application of the operator Ŵ (β) will
correspond to a finite displacement equals to
√
∆. In this
way, the presence of a shift operator in the Hamiltonian
introduces the definition of a lattice γ√∆ on the config-
uration space as γ√∆ = {x ∈ R | x = n
√
∆, ∀n ∈ Z},
which give us a discreteness of the position x, with dis-
creteness parameter
√
∆. It corresponds to the polymer-
ized phase space used in LQG quantization techniques
[54]. In the present context, the shift operator will change
the scale factor a (or some function of it, such as an area
or volume) by a smallest discrete increment, and the dif-
ferential equation for the evolution of the universe, will
turn into a difference equation.
Interestingly, from the equations (29) and (31), we
have that ∆, which will correspond to the area gap in
the discrete geometry defined on the brane, will be such
that:
∆ ∼ 1
σ
. (34)
The result above allows us to relate the discrete ge-
ometry, modeled by LQG on the brane, with a string
theory in the bulk. It is because the brane tension is
connected with the string couplings [55]. In particular,
we have gs ∼ 1/σ, where gs corresponds to the closed
string coupling. In this way, we find
∆ ∼ gs. (35)
Such result points to a possible intriguing link between
LQG and string theory, where a strongly coupled string
regime in the bulk will correspond to a discrete area spec-
trum on the brane described by LQG. For a weakly cou-
pled string regime, the area spectrum goes to be con-
tinuous. Moreover, the appearance of LQC equations in
a braneworld scenario as a necessary condition to have
a near vanishing late-time cosmological constant seems
to be a light, turned on along the bridge established here
between string theory and LQG, on the cosmological con-
stant problem [48]. Further investigations on this issue
must be done. At last, in the present context, both the
universe critical density and the area gap are defined in
terms of the string coupling, that is determined dynami-
cally [56]. It avoids the problem of the Immirzi ambiguity
[57], and matches the concern by several authors that the
Barbero-Immirzi parameter must be determined dynam-
ically [58–60].
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